Abstract. For periodic initial data with initial density, we establish the global existence and uniqueness of strong and classical solutions for the two-dimensional compressible Navier-Stokes equations with no restrictions on the size of initial data provided the shear viscosity is a positive constant and the bulk one is λ = ρ β with β > 1.
Introduction
We study the two-dimensional barotropic compressible Navier-Stokes equations which read as follows (1.1) ∂ t ρ + div(ρu) = 0,
where t ≥ 0, x = (x 1 , x 2 ) ∈ T 2 , ρ, u = (u 1 , u 2 ) stand for the density and velocity of the fluid respectively, and the pressure P is given by (1.2) P (ρ) = Rρ γ , γ > 1.
The shear viscosity µ and the bulk one λ satisfy the following hypothesis:
(1.3) 0 < µ = const, λ(ρ) = bρ β , b > 0, β > 0.
In the sequel, we set R = b = 1 without losing any generality. We consider the Cauchy problem with the given initial data ρ 0 and m 0 , which are periodic with period 1 in each space direction x i , i = 1, 2, i.e., functions defined on T 2 = R 2 /Z 2 . We require that (1.4) ρ(x, 0) = ρ 0 (x), ρu(x, 0) = m 0 (x), x ∈ T 2 .
The compressible Navier-Stokes equations have a very long history. There is a huge literature concerning the theory of the weak solutions to (1.1). Hoff proved the global existence of weak solution for the discontinuous initial data with small energy in [16, 17] . For the large initial data, the global existence of weak solution was proved by Lions [24] for the isentropic Navier-Stokes equation, i.e. P = Rρ γ for γ ≥ 9 5 . Jiang and Zhang [21, 22] proved the global existence of weak solution for any γ > 1 for the spherically symmetric or axisymmetric initial data. Inspired by the Jiang and Zhang's work, Feireisl, Novotný and Petzeltová [15] improved Lions's result to γ > 3 2 . However, the question of the regularity and uniqueness of weak solutions is completely open even in the case of two dimensional space.
Compared to the weak solutions, the results on the strong solutions are much less. 1962, Nash proved the local existence and uniqueness of smooth solution of the system (1.1) for smooth initial data without vacuum in [26] . In a seminal paper [25] , Matsumura and Nishida proved that the solution is global in time if the initial data is close to equilibrium. However, whether smooth solutions with large initial data blow up in finite time is an open problem. Xin [34] proved that smooth solution of the full compressible Navier-Stokes equations will blow up in finite time if the initial density has compact support. Recently, Sun, Wang and Zhang [30] showed that smooth 1 solution does not blow up if the upper bound of the density is bounded, see [31] for the heatconductive flow.
For the global existence results in [3, 4, 5, 9, 25] , the initial density is required to be close to a positive constant in L ∞ norm, hence precluding the large oscillation of the density at any point. Recently, Fang and Zhang [12] proved the global existence and uniqueness of (1.1) for the initial density ρ 0 close to a positive constant in L 2 norm and u 0 small in L p norm for p > 3, hence allowing the density to have large oscillation on a set of small measure. Similar result has also been obtained by Huang, Li and Xin [20] for the initial data with vacuum, but a compatible condition is imposed on the initial data. Recently, Wang, Wang and Zhang [33] prove the global well-posedness for some classes of large initial data.
For the global well-posedness of the strong solutions with general large initial data, Vaigant and Kazhikhov [32] proved existence of global solutions for system (1.1)-(1.3) with β > 3. Recently, Huang and Li [18, 19] relax the restriction β > 3 to β > 4 3 . In this paper, we aim to relax this restriction to β > 1.
Before stating the main results, we explain the notations and conventions used throughout this paper. We denote
For 1 ≤ r ≤ ∞, we also denote the standard Lebesgue and Sobolev spaces as follows:
Theorem 1.1. Assume that
and that the initial data (ρ, u 0 ) satisfies that for some q > 2,
Then, the system (1.1)-(1.4) has a unique global strong solution (ρ, u) satisfying that
The organization of the paper. In Section 2, we collect some elementary facts and inequalities which will be needed in later analysis. Section 3 is devoted to derivation of upper bound on the density which is the key to extend the local solution to all time. Based on the previous estimates, higher-order ones are established in Section 4. We also prove the blow-up criterion and the main result, Theorem 1.1, in this Section.
Preliminaries
The following well-known local existence theory, where the initial density is strictly away from vacuum, can be found in [28, 29] .
Then there are a small time T > 0 and a constant C 0 > 0 both depending only on ρ 0 H 2 , u 0 H 2 , and inf x∈T 2 ρ 0 (x) such that there exists a unique strong solution (ρ, u) to the problem
and
Remark 2.1. It should be mentioned that [28, 29] dealt with the case that λ = const. However, after some slight modifications, their methods can be also be applied to the problem (1.1)-(1.4).
The following Poincare-Sobolev and Brezis-Wainger inequalities will be used frequently.
There exists a positive constant C depending only on T 2 such that every function u ∈ H 1 (T 2 ) satisfies for 2 < p < ∞,
Moreover, for q > 2, there exists some positive constant C depending only on q and
The following Poincare type inequality can be found in [14] .
, and ρ be a non-negative function such that
with γ > 1. There exists a positive constant C depending only on M 1 and M 2 such that
Then, we state the following Beale-Kato-Majda type inequality which was proved in [1] when div u ≡ 0 and will be used later to estimate ∇u L ∞ and ∇ρ L p .
Lemma 2.4. For 2 < p < ∞, there is a constant C(p) such that the following estimate holds for
Next, let △ −1 denote the Laplacian inverse with zero mean on T 2 and R i be the usual Riesz transform on T 2 :
and BMO(T 2 ) stand for the usual Hardy and BMO space:
where d is the diameter of T 2 , Ω r (x) = T 2 ∩ B r (x), and B r (x) is a ball with center x and radius r. Given a function b, define the linear operator
The following properties of the commutator [b, R i R j ](f ), which are due to [7, 8] respectively, will be useful for our work.
, there is a C depending only on q i such that
A Priori Estimates: Upper Bound of the Density
First, we have the following standard energy inequality.
Lemma 3.1. There exists a positve constant C depending only on γ, T ρ 0 L γ , and ρ
Next, we state the L p esitmate of the density due to Vaigant-Kazhikhov [32] .
Lemma 3.2. Let β > 1, for any 1 < p < ∞, there is a positive constant C(T ) depending only on T, µ, β, γ, and
To proceed, we denote by
where D Dt f is the material derivative of f. Let G and ω be the effective viscous flux and the vorticity respectively as follows:
Then we rewirte the momentum equation (1.1) 2 as
which shows that G solves
This implies
where F is a commutator defined by
The mass equation (1.1) 1 leads to
which combining with (3.4) gives that
Lemma 3.3. Assume that (1.5) holds. Then there is a constant C depending only on µ, β, γ, T, and E 0 such that
where
and (3.10)
Proof. First, direct calculations show that
and that
(3.12)
Multiplying (3.3) by 2u and integrating the resulting equality over T 2 , we obtain after using (3.11) and (3.12) that
Now, we estimate each I i as follows: First, we deduce from (3.3) to get that
and use with standard L p estimate of elliptic equations to obtain that for any p ∈ (1, ∞),
In particular, we have
T B. This combining with (2.4) gives
which leads to (3.17)
Next, we will use an idea due to [10, 27] to estimate I 2 . Noticing that
one can derives from [6] that
Together with the fact that BMO is the dual space of H 1 (see [13] ), we obtain (3.18) where in the third inequality we have use (3.15) and the following simple fact that for t ∈ [0, T ],
Next, Hölder's inequality, (1.2) and (3.2) yield that for δ ∈ (0, 1),
Then, noticing that (3.9) gives
T A, which together with the Hölder inequality, (2.4) and (3.15) yield that for 0 < δ < 1,
Similarly, we have
Putting (3.22), and (3.23) into (3.20) yields
Finally, substituting (3.17), (3.18), and (3.24) into (3.13), choosing ε sufficienlty small and δ ∈ (0, 1), we obtain
Dividing this inequality by e + A 2 , and using (3.1), we reach (3.8) and finish the proof of Lemma 3.3.
The following L p estimates of the momentum will play an important role in the estimate of the upper bound of the density.
Lemma 3.4. For any p > 2, there exists a positive constant C depending only on p, µ, β, γ, T, and E 0 such that
, then for any q > 3 and ε > 0 there exists a positive constant C 1 depending only on q, µ, β, γ, T, and E 0 such that
e + B 2 e + A 2 1 4 , where A, B are defined as (3.9).
Proof. (3.26) is the directly consequence from (2.4) and (2.6). We just focus on the proof of (3.27) .
Multiplying (1.1) 2 by (2 + α)|u| α u, we get after integrating the resulting equation over T 2 that
which together with Gronwall's inequality and (3.2) thus gives
Using (2.5), (2.6), and (3.1), we have (3.19) , (3.22) , and (3.2), we obtain that 1.1, there is a constant C depending only on µ, β, γ, T, and E 0 such that
Proof. First, it follows from (3.1) and (3.2) that
which together with (2.5), (3.8), (3.19) , and (3.26) yields that for any ε > 0,
Next, on one hand, we deal with the F L ∞ . Taking
and Applying the (2.5), we have that By the Hölder inequality and (3.31), we have that 
Combining above two estimates, we have that
By the definition of s, θ, we have that
which implies that when 0 < θ < 1 2s < 1 + θ.
Taking ε small enough such that 2s + 3ε ≤ 1 + θ.
If we take θ close to 1, we have that
Now, we are in the position to prove the upper bound of the density. Recalling the (3.6) and integrating to get that
where the constant depends on the initial data and the time T . Thus, if we take β > 1, δ and ε sufficiently small such that β > 1 + δβ 2 + ε, we can get that R T ≤ C.
By the inequality (3.25), we have that
By the classic elliptic estimate, we get the desired result.
A Blow-up Criterion
In this section, we will establish a blow-up criterion for the (1.1)-(1.3) for all β > 1. 
Fist, from the proof of the Lemma 3.1 and Lemma 3.3, we obtain Proposition 4.2. There exists a constant C depending only on µ, β, γ, T, and E 0 , ρ L ∞ such that
Next, we have the second order estimates as following:
There exists a constant C depending only on µ, β, γ, T, E 0 and ρ L ∞ such that
Proof. Take the material derivative D Dt on the both side of (1.1) 2 to get,
Then, multiplyingu on the both sides of (4.3), we get that
Pluging (3.31) into the above inequality, we obtain
Thus, by Proposition 4.3, the proof is completed.
Next, we compute the higher order estimates for density:
There exists a constant C depending only on µ, β, γ, T, and E 0 , ρ L ∞ such that
where q ≥ 2.
Proof. The proof comes from [18, 19] . First, we denote Φ (2µ + λ(ρ))∇ρ, then from the density equation, we have
Multiplying |Φ| q−2 Φ on the both sides of the above equation and integrating by parts, we obtain
(4.5)
On one hand, recalling (3.14), for any q > 2 we get
On the other hand, by Lemma 2.3, we have that u L 2 ≤ C( ρ Pluging above estimate into (4.5) and applying the Gronwall's inequality, we obtain ∇ρ L q ≤ C.
Thus, we have
which implies that
which completes the proof of Proposition 4.4.
Proof of the Proposition 4.1: Now we are in the position to prove Proposition 4.1. We prove it by the contradiction argument. Assume that T * < ∞ and Then, applying Proposition 4.1, we can extend the solution which contradicts with the definition of the T * .
